We present a lattice NRQCD study of the B meson decay constant in the quenched approximation with emphasis given to the scaling behavior. The NRQCD action and the heavy-light axial current we use include all terms of order 1/M and the perturbative O(α s a) and O(α s /M ) corrections. Using simulations at three value of couplings β=5.7, 5.9 and 6.1 on lattices of size 12 3 ×32, 16 3 ×48 and 24 3 ×64, we find no significant a dependence in f B if the O(α s a) correction is included in the axial current. We obtain f B = 167(7)(15) MeV, f Bs = 191(4)(17)( +4 −0 ) MeV and f Bs /f B = 1.15(3)(1)( +3 −0 ), with the first error being statistical, the second systematic, and the third due to uncertainty of strange quark mass, while quenching errors being not included.
I. INTRODUCTION
Lattice QCD provides a promising approach for a first-principles calculation of the hadronic matrix elements of B meson relevant for a precision determination of the CabibboKobayashi-Maskawa (CKM) matrix elements. The most important matrix elements is the B meson leptonic decay constant f B : it is needed to determine V td ; from the lattice technical point of view it is the simplest B meson matrix element calculable in lattice QCD with which one can study systematic errors associated with a lattice treatment of heavy quark.
The need for a careful examination of systematic errors stems from the fact that their magnitude for naive quark actions such as the Wilson action is of O(aM) with M the heavy quark mass. Hence errors of this origin can exceed 100% for a typical lattice spacing of a −1 ∼ 2GeV used in present simulations. To overcome this problem, recent lattice studies of f B [1] employ non-relativistic effective theory of QCD (NRQCD) [2] or a non-relativistic interpretation of the relativistic lattice quark action for heavy quarks [3] .
NRQCD is an effective theory formulated as an expansion in D/M where D is the spatial covariant derivative which is of O(Λ QCD ) in the heavy-light system. For NRQCD one has to choose the coefficients of the expansion by imposing a matching condition with the full theory. This can be made using perturbation theory. In practice one has to truncate both non-relativistic expansion and perturbative expansion at some order so that the systematic error in NRQCD calculations is organized as a double expansion in Λ QCD /M and the strong coupling constant α s .
An additional source of systematic errors is the discretization error proportional to some power of aΛ QCD . Since NRQCD is valid only when aM > O(1), the continuum limit a → 0 can not be taken. Therefore, removing discretization errors is more important in this formalism than in the usual relativistic formulations for which continuum extrapolations can in principle be made. For this reason, in many lattice NRQCD calculations, the correction terms to remove aΛ QCD and even (aΛ QCD ) 2 errors were introduced. Until recently the matching coefficients for the action [4] [5] [6] and the current operators [7] have been available only at one-loop level without operator mixing. This means that O(α s Λ QCD /M) and O(α s aΛ QCD ) errors had been left unremoved. Recently, Shigemitsu and Morningstar carried out a one-loop calculation necessary for an O(α s Λ QCD /M) and O(α s aΛ QCD ) improvement of the heavy-light axial vector current [8, 9] . The first simulation including this improvement was performed by Ali Khan et al. [10, 11] , in which they pointed out that the O(α s Λ QCD /M) and O(α s aΛ QCD ) terms significantly affect the values of f B .
The study of Ali Khan et al. [10, 11] was made at a single lattice spacing corresponding to the inverse gauge coupling β = 6/g 2 = 6.0, and hence left open the important question of the lattice spacing dependence of f B obtained with lattice NRQCD (in Refs. [12] Hein has calculated f Bs at β=5.7 and discuss the scaling behavior by combining the result at β=6.0 of Ref. [11] ). In this article we report on results of our systematic study concerning this question. Our simulations are carried out with the plaquette action for gluons at β = 5.7, 5.9 and 6.1 corresponding to the range of lattice spacing a ∼ 0.18 − 0.09fm. For light quark we employ the O(a)-improved Wilson (clover) action [13] with the tadpole improved oneloop value for the clover coefficient [14, 15] . We investigate in detail the effect of one-loop improvement of the heavy-light axial vector current as a function of the lattice spacing. Our main results are obtained to O(1/M), but the question of higher order corrections are examined by comparing the results for the NRQCD action complete to O(1/M 2 ). This paper is organized as follows. In Sec. II we summarize the NRQCD action we use. In Sec. III improvement of the axial vector current is discussed, and our one-loop mixing coefficients are presented. Details of the simulations and our methods for extraction of the decay constant are given in Sec. IV together with numerical results. We discuss the effect of improvement in the static limit in Sec. V. Our results for f B are presented in Sec. VI where a comparison is also made with those obtained with the relativistic formalism. In Sec. VII the hyperfine splitting of the B meson and the B s − B mass difference are given. Our conclusions are summarized in Sec. VIII.
II. LATTICE NRQCD ACTION

A. Form of action
Let us denote by Q(t, x) the two-component heavy quark field. This field evolves in the time direction according to the action,
where the operator K t specifies the evolution; our choice is
Here subscripts represent the time slice at which Hamiltonian operators such as (1−aH 0 /2n) act, and an integer n is introduced to avoid instability appearing in the evolution equation due to unphysical momentum modes [2] . We note that the ordering of terms in Eq. (2) is different from the one employed in [11] : the factor (1−aδH/2) is placed inside of (1−aH 0 /2n) in our choice. The leading order Hamiltonian H 0 is given by
For the correction term δH, we consider two choices corresponding to the non-relativistic expansion to order 1/M (δH I ) or to order 1/M 2 (δH II ), given by
We refer to the two choices as NRQCD-I and NRQCD-II. We work with both Hamiltonians in parallel and compare their results in order to examine effects of truncation in the 1/M expansion. Various covariant differential operators in the Hamiltonian are defined in terms of the forward and backward derivatives ∆
i , and
The field strength operators B and E are constructed with the clover-leaf definition as in Ref. [2] . The bare heavy quark mass is denoted as M 0 , and c i 's are parameters to describe the strength of each term.
The relativistic four-component field ψ h is related to the effective field Q through the Foldy-Wouthuysen-Tani (FWT) transformation,
Here the transformation operator R is given by
with Σ j = diag{σ j , σ j }, and R I (R II ) is to be used in conjunction with δH I (δH II ) to achieve the desired accuracy in the 1/M expansion.
The coefficients c i and d i should be determined by matching the action to the continuum relativistic QCD action by either resorting to perturbation theory or estimating it nonperturbatively so as to reproduce the same theory in each order of the 1/M expansion. So far even perturbative results are not available for these coefficients. We adopt the treelevel value c i = 1 and d i = 1 in our work, applying, however, the mean-field improvement to all the link variables in the action and the FWT transformation with the replacement U µ → U µ /u 0 , where we take u 0 = TrU plaq /3 1/4 [16] .
III. IMPROVEMENT OF THE CURRENT
To calculate the decay constant f B , the heavy-light axial vector current in lattice NRQCD has to be matched to that in continuum QCD. For the overall renormalization factor Z A this was first performed by Davies and Thacker [7] by perturbation theory to one-loop order. An important recent development made by Shigemitsu and Morningstar [8, 9] is that the matching has been extended to O(α s aΛ QCD ) and O(α s Λ QCD /M). Since our choice of the action is slightly different from that used by the authors of Refs. [7, 9] , we have repeated the one-loop calculation for our NRQCD action.
Consider the axial vector current A 4cont in the continuum. We demand that on-shell S matrix elements of the lattice axial current reproduce that of the continuum current up to O(p) with p the spatial momentum of the heavy or light quark. At one-loop level the relation takes the form
where the heavy-light lattice operators of dimension 3 and 4 are defined by
with Γ = γ 5 γ 4 for the temporal axial vector current, and ψ l and ψ h denoting the light and heavy quark fields, respectively. We calculate the coefficients ρ
A for NRQCD-I for heavy quark and the O(a)-improved clover action [13] for the light quark. The use of clover action for the light quark is necessary to achieve the accuracy of O(α s a) in matching the current. For renormalization of the continuum current we adopt the MS scheme using dimensional regularization with fully anti-commuting γ 5 . We also apply the tadpole improvement procedure [16] with the average plaquette for all link variables in the covariant derivative of the operators, (11) and (12), and with the critical hopping parameter for the wave function renormalization of the light quark fields consistently in both non-perturbative and perturbative calculations.
Numerical results for the coefficients ρ
A are listed in Table I , and plotted in Figure 1 as a function of 1/aM 0 . For ρ A and ρ (2) A are divided by 2aM 0 . The filled symbols represent the values explicitly obtained with the static action [17] . We have confirmed that the infinite mass limit of ρ (0)
A − (1/π) ln(aM 0 ) agrees with the static results of Borrelli and Pittori [18] and of Golden and Hill [19] .
We observe that ρ
A /2aM 0 vanishes in the limit aM → ∞, which tells us that the contribution of α s ρ
latt involves a derivative of the heavy quark field. On the other hand, α s ρ (2) A J (2) latt does not contain such a derivative, and ρ (2) A /2aM 0 remains finite in the static limit as seen in Figure 1 . Thus its contribution contains terms of O(α s aΛ QCD ). This term is an analogue of the current improvement term of O(α s a) for the light quark discussed in Ref. [15] .
We add a remark that we have repeated the one-loop calculation for the action employed in Ref. [9] , and numerically confirmed their results to a 3 digit accuracy.
IV. DETAILS OF THE SIMULATION
A. Run Parameters
We list our simulation parameters in Table II . Our simulations are carried out for three values of the coupling β=5.7, 5.9 and 6.1 using the standard plaquette action for gluons. The corresponding values of the lattice spacing a is about 0.18, 0.13 and 0.09 fm, respectively, if determined from the string tension. We choose our spatial lattice size to be larger than 2 fm.
For heavy quark we take five values of the bare mass aM 0 for each β to cover a range of the physical heavy quark mass M between 2 GeV and 16 GeV. This wide range of heavy quark mass enables us to examine explicitly the 1/M dependence of f B . The parameter n is chosen so as to satisfy the stability condition n > 3/aM 0 .
For light quark we use the O(a)-improved Wilson action [13] with the clover coefficient c sw = (1/u
, which includes the O(α s ) correction calculated in Refs. [14, 15] . Four values of the light quark hopping parameter κ are employed for extrapolation to the chiral limit (see Table II for numerical values).
In the quenched approximation the value of the strange quark mass m s differs depending on whether m K or m φ is used as input. The value of m s determined with m φ is higher than that with m K , and the discrepancy does not become smaller for smaller lattice spacings. We choose to calculate f Bs for both m s , and take their difference as a systematic error. The hopping parameters κ s (κ s1 from m K and κ s2 from m φ ) are also given in Table II .
The physical scale of lattice spacing a is fixed using the string tension σ = 427 MeV. Recent data of the string tension for the standard plaquette action are summarized in Ref. [20] . We adopt their parameterization to obtain the values of 1/a at our β.
B. Fitting procedure and data analysis
The method to extract the heavy-light decay constant is standard. We define a local and a smeared operator for the pseudoscalar channel by
in the Coulomb gauge. For the smearing function we use the form φ SRC (|x|) = exp(−a|x| b ), with the parameters a and b chosen so as to reproduce the functional form of the heavylight meson wave function measured in our simulations. We measure the two-point functions given by
with the Dirichlet boundary condition in temporal direction. In this measurement the source is placed at the time slice t i =6 (at β=5.7), 7 (5.9) and 16 (6.1). For the heavy-light meson with zero spatial momentum, C
(t f , t i ) are identical by construction. We fit the correlators to the exponential form,
over a range of t where we find a plateau in the effective mass plot. Representative effective mass plots for C
for the case of the heaviest (lightest) quark masses at β=6.1. The signal is remarkably clean even for C LS J (1) P which includes a spatial differential operator. To constrain the fit as much as possible we take the binding energy E bin to be common among the correlators. This is particularly necessary for a stable extraction of Z SS P P since the signal for C SS P P (t f , t i ) is much noisier than those for the others. We estimate statistical errors of the fitted parameters using the jackknife method with unit bin size. Statistical correlation of data between different time slices or between different mass parameters is neglected in the fitting.
C. Heavy-light Meson Mass
We calculate the pseudoscalar meson mass aM P from a sum of the renormalized heavy quark mass and the binding energy E bin through the formula
where E is the energy shift and Z m the kinetic mass renormalization of the heavy quark.
The one-loop calculation of E and Z m was first carried out by Davies and Thacker [4] and by Morningstar [5] . We repeat the calculation for our action NRQCD-I. We write the perturbative expansion of E, Z m and the wave function renormalization Z 2h as
and list A, B, and C in Table I .
D. Heavy-light Decay Constant
The pseudoscalar meson decay constant f P is constructed from the contribution of each operator
where 1 − 3κ/4κ crit represents the tadpole-improved wave function normalization factor for light quark. Including the one-loop corrections, the decay constant is given by
We note that ) holds in the rest frame of the heavy-light meson.
In Figures 4 and 5 we show aE bin and a 3/2 (f P √ M P ) (i) as a function of 1/κ together with a linear (solid lines) and a quadratic (dotted lines) fit. We employ the linear fit for chiral extrapolation since the difference between the linear and quadratic fits are negligibly small compared with the errors of the data. The linear fit is also used for an interpolation to the strange quark. The values of aE bin and a 3/2 (f P √ M P ) (i) at κ = κ crit as well as those at κ s1 and κ s2 extracted in this way are summarized in Tables III, IV and V. One of the points we discuss in detail below is the effect of O(α s aΛ QCD ) improvement in the static limit. For this purpose we need to extract the decay constant in the static limit. Figure 6 shows the dependence of (f P √ M P ) (0) as a function of 1/M P for each β where M P is calculated by the tree-level formula. The physical scale of lattice spacing a is determined from the string tension. We fit the mass dependence by
We also fit the mass dependence of 2aM 0 a
Similarly, Figure 7 shows the 1/M P dependence of the ratio
. The functional dependence can also be parameterized as
The values of Table IV and V, respectively.
To obtain the B meson decay constant at the physical B meson mass, we fit the 1/M P dependence of the renormalized quantity
2/11 f P √ M P instead of fitting the contribution of individual operators and summing the results.
V. STATIC LIMIT
We begin discussion of our results with the lattice spacing dependence of the decay constant in the static limit. This limit has the advantage that errors that depend on the heavy quark mass such as O(α s Λ QCD /M) vanish, and hence we can see the effect of O(α s aΛ QCD ) improvement more clearly.
According to the discussion in Sec. III, the contribution of J
latt vanishes in the static limit. From Eq. (9), the matching relation in the static limit for the axial vector current is given by
where ρ 
latt .
The numerical value of the matching coefficients in the static limit is given in Table I . The decay constant is calculated from
with
static .
A nominal value of M 0 =4.5 GeV is used for the heavy quark mass to evaluate the logarithm of ρ
static . For the strong coupling constant α s we employ α V (q * ) [16] evolved from µ = 3.40/a to q * . Within one-loop calculations there is an uncertainty in the choice of the scale q * . We take the average of results obtained with q * = π/a and with 1/a, and consider the discrepancy from the two choices of q * as an upper and lower bound for the error due to two-loop corrections in the renormalization factor. Figure 8 shows the a dependence of the decay constant in the static limit f A worry with this observation is a sizable systematic error due to two-loop uncertainties. On this point we note that an estimate for the optimal value of q * for the multiplicative renormalization coefficient is known to be q * = 2.18/a for the combination of the static heavy quark and the unimproved Wilson light quark [21] . Since there seems to be no obvious reason that this value changes significantly for the O(a)-improved light quark action, taking the difference of the results for q * = π/a and 1/a may well be an overestimate of the two-loop uncertainty. An alternative estimate employing α s (2/a) would reduce the error estimate by roughly a factor two. Furthermore the magnitude of this error is correlated among different β, and between results without and with the improvement at each β. Hence a reduction of the a dependence is less affected by the choice of q * than f
itself. Numerically the magnitude of the O(α s a) term relative to that of the leading operator J 
where the error is dominated by the uncertainty in α s . At β = 6.1 the effect reduces f static B by about 10% from the value without the improvement term.
VI. B MESON DECAY CONSTANT
A. Dependence on heavy-light meson mass
In Figure 9 we present
2/11 is introduced to cancel the logarithmic divergence (1/π) ln(aM 0 ) in the one-loop coefficient ρ
A . For α s (M P ) we use α V (µ) [16] evolved from µ = 3.40/a to M P . The chiral limit is taken for the light quark. Solid and dotted error bars show the statistical error and the uncertainty due to two-loop corrections in the renormalization factors. The latter is estimated in the same way as for the static limit discussed in Sec. V.
As first observed in Refs. [8, 10, 11] , the contributions from the operators J
latt and J
(2) latt
sizably affects the decay constant. The dominant effect arises from J
latt . A larger difference between the two sets of results toward the static limit is explained by the fact that the one-loop coefficient ρ
A /2aM 0 increases larger toward this limit (see Figure 1) . In contrast, the contribution of J (1) latt is negligible since the perturbative coefficient ρ
A /2aM 0 stays very small (|ρ (1) A /2aM 0 | <0.2) for our heavy quark mass aM 0 >1.2. As was the case for the decay constant in the static limit, uncertainties due to two-loop corrections are sizable, particularly at β=5.7. This uncertainty does decrease, however, for weaker couplings at β = 5.9 and 6.1. It also becomes smaller as one moves down from the static limit toward the physical point for the B meson M P = M B .
B. Dependence on lattice spacing
By interpolating data shown in Figure 9 to the physical B meson mass, we obtain f B for each β. The decay constant f Bs for B s meson is calculated in a similar manner. The bare b quark mass that reproduces the physical B meson mass is listed in Table VI , and f B and f Bs at each β are given in Table VII for the two choices of the scale q * = π/a and 1/a. The lattice spacing dependence of f B and f Bs is shown in Figure 10 . Looking at the central values, we observe that a large a dependence exhibited by the results without the operator mixing (open symbols) is removed in the full result (filled symbols). This feature is clearer for f Bs ; a variation is seen for f B between β = 5.9 and 6.1, albeit with simultaneously larger statistical errors. While we need to keep in mind the uncertainty due to a choice of α s , this result indicates that the lattice spacing dependence of the B meson decay constant is sizably reduced after including the O(α s a) and O(α s /M) mixing terms.
C. Estimate of systematic errors
We now discuss possible sources of systematic errors and attempt an order estimate of their magnitude.
As already discussed the uncertainty from the scale for the strong coupling constant, which is an O(α 2 s ) effect, is quite significant. The magnitude of this error, estimated as half the difference of values for q * = π/a and 1/a is given in Table VIII for each β. We employ a light quark action which is O(a)-improved at one-loop level. Since the two-loop uncertainty in this improvement of O(α 2 s aΛ QCD ) is negligibly small, we expect the leading discretization error from the light quark sector to be O((aΛ QCD ) 2 ), which is also the magnitude of scaling violation in the gluon sector. With a nominal value Λ QCD = 300 MeV, we estimate its size to be 2%-8% depending on β as listed in Table VIII. Our results are obtained for NRQCD-I which represents the leading term in an expansion in 1/M. We examine possible corrections due to the truncation by explicitly comparing the results of NRQCD-I with those of NRQCD-II which is correct to O(1/M 2 ). Figure 11 shows this comparison. We find that the 1/M 2 correction does not exceed the statistical error, which is about 4% in the B meson mass region, as previously observed in Ref. [22] . Higher order uncertainties are expected to be even smaller.
Another source of the systematic error is the perturbative matching of the action and the operators of NRQCD. In the one-loop calculation of the self-energy and the current renormalization, we have consistently included all terms of order 1/M. Hence O(α s /(aM)) corrections are properly taken into account in our calculation, and the leading error is of O(α s /(aM) 2 ). An order estimate for O(α s /(aM) 2 ) is given in Table VIII for each β. The magnitude increases for larger β since aM becomes smaller.
Adding these four leading systematic errors in quadrature, we find the systematic error to be about 8% at β=6.1 and 5.9, while it is much larger (∼ 15%) at β=5.7. We, therefore, take an average over the two results at β=6.1 and 5.9 to quote our final result. In doing so, we have confirmed that the difference between 6.1 and 5.9 is within the estimated systematic error, as it should be.
In addition to the above systematic uncertainties, we must include an uncertainty in the lattice scale 1/a. Throughout this work we have used the scale set with the string tension √ σ. Taking a variation of the ratio m ρ / √ σ over β = 5.9, 6.1 and 6.3, we assign a 3.5% error in the lattice scale as we did in Ref. [23] .
D. Results
Our final result for the B meson decay constant in the quenched approximation is given by f B = 167(7)(15) MeV, (36) f Bs = 191(4)(17)(
Here the central value is an average over the results at β=6.1 and 5.9, and the errors are statistical and systematic in the given order. The systematic error includes 8% as estimated in the previous subsection and the error in the lattice scale of 3.5%, added in quadrature.
For f Bs there is an additional uncertainty from the strange quark mass. We take the value from the K meson mass (κ s1 ) for our central value. Employing the φ mass (κ s2 ) gives a larger f Bs , which is given in the final error. Our result is higher than that of Ali Khan et al. [11] at β=6.0 (f B = 147 (11) Our values with NRQCD are in good agreement with these relativistic calculations.
Many of systematic uncertainties that appear in the calculation of the pseudoscalar decay constant f P (s) cancel, if we consider the ratio f Ps /f P . In particular, the two-loop uncertainty in the matching of the axial current cancels out explicitly. Figure 12 presents the 1/M P dependence of f Ps /f P . We observe only a mild 1/M P dependence. The difference between NRQCD-I and NRQCD-II is much smaller than the statistical error, which shows that the contribution of the 1/M 2 terms is negligible. Finally, plotting the ratio as a function of lattice spacing (see Figure 13) , we find the results at three β values to be consistent with each other within the estimated errors.
Our result is
which is obtained by averaging data at β=6.1 and 5.9. The errors given are those from statistical, systematic and uncertainty in κ s . For the systematic error the leading contribution arises from the lack of the strange quark mass dependent renormalization, which is O(α s aΛ QCD ) for the deviation f Bs /f B − 1. The magnitude is 3-5% assuming the order counting.
VII. MASS SPLITTINGS
A byproduct of our simulation is the mass difference between the B and B s mesons, which can be compared with experiment. Since the heavy quark mass cancels in this difference, there are no direct perturbative corrections for this quantity, though they enter implicitly through determination of the bare b-quark mass.
We plot the 1/M P dependence of the B s − B mass difference in Figure 14 , where we observe the dependence to be small. The lattice spacing dependence is shown in Figure 15 . A variation of about 20%, beyond the statistical error of 8%, is seen between the data at β=6.1 and 5.9, which may represent scaling violation effects. Our result from an average over β=6.1 and 5.9 is given by
where, as before, the errors represent statistical, systematic and κ s uncertainty. The possible systematic error is O((aΛ QCD ) 2 ), which is 2-3%, and the uncertainty of 1/a∼ 3.5%. We estimate the error at 5% adding them in quadrature. The dominant error is the uncertainty of κ s . It is encouraging that our result agrees with experimental value 90 ± 2 MeV.
The hyperfine splitting M B * −M B is another experimentally measured quantity. Previous lattice studies in the quenched approximation have found that the hyperfine splitting of heavy-light and heavy-heavy mesons are much smaller than experiment [25] . A possible reason for this discrepancy is an inappropriate value of the coupling c 1 for the gσ · B/2M 0 term, for which we use the tadpole improved tree-level value. Since the hyperfine splitting of heavy-light mesons is proportional to c 1 , and that of heavy-heavy mesons to c 2 1 , it is possible that large corrections of O(α s ) remain (the non-perturbative calculation of this coupling has been done in Ref. [26] , which reports the possible O(α s ) correction). Another possible source is the quenched approximation.
The 1/M P dependence of the hyperfine splitting obtained in our simulation is shown in Figure 16 . We observe that in the static limit the splitting linearly vanishes due to the heavy quark symmetry. Figure 17 shows the lattice spacing dependence of the splitting together with the experimental value of M B * − M B = 45.8 ± 0.4 MeV. While scaling is reasonably satisfied with our results, the magnitude is far below experiment. Averaging the two values at β=6.1 and 5.9, we find
where we assume a 20% systematic error since the O(α s ) correction is not known for c 1 .
VIII. CONCLUSIONS
In this article we have presented a scaling study of the heavy-light meson decay constant using lattice NRQCD with the heavy-light current improved to O(α s a) and to O(α s /M) consistently to the one-loop order in perturbation theory taking into account mixings with the relevant higher dimensional operators. We have found the effect of the improvement to be substantial: the large a dependence of f B is almost removed by the improvement. This is most apparent in the static limit, where the effect is purely O(α s a), but a similar effect is also seen for the physical B mass.
The two main sources of systematic errors in our results are perturbative two-loop corrections, O(α 2 ) in the coefficients of the NRQCD action and the axial vector current. The former uncertainty is quite large at β = 5.7, but diminishes to a 5% level at weaker couplings of β = 5.9 and 6.1. The latter error, on the other hand, increases toward smaller lattice spacings, reaching ∼ 6% at β = 6.1. This counter increase of error represents the limitation of lattice NRQCD itself; the method breaks down once the heavy quark mass becomes smaller than the inverse lattice spacing.
The validity of a lattice NRQCD calculation of f B hinges on the existence of a window in lattice spacing over which the two errors as well as scaling violations are small. We find these conditions to be satisfied at β = 5.9 − 6.1 where the combined systematic errors are estimated to be 8% (including the truncation in the 1/M expansion). Achieving better accuracy with NRQCD would require two-loop calculations to extend the window toward larger lattice spacings where the O(α s /(aM)
2 ) error will become smaller. Another method for calculating heavy quark quantities on the lattice is the nonrelativistic interpretation of relativistic actions [3] . The advantage is that a continuum extrapolation can be carried out. The simulations by Refs. [23, 24, 27] have shown that the a dependence in the heavy-light decay constant is small for currently accessible range of β = 5.7 ∼ 6.3. A continuum extrapolation, with either constant or linear fit in the lattice spacing, has yielded the decay constants with a systematic error of about 10%. A subtle point with this method, however, is that the a dependence of systematic errors is non-linear. Hence, strictly speaking, it is not correct to extrapolate the result with a simple linear or quadratic function of a. To achieve a prediction of the B meson decay constant more accurate than is available, one needs to improve the action and currents so that the systematic errors at finite values of β are further reduced. In this sense the study of O(α s a) improvement should be necessary.
In spite of the limitations still inherent in the present results with NRQCD and with relativistic actions, we find it encouraging that the efforts with the two approaches have now yielded predictions for the B meson decay constant in mutual agreement within the total error of about 10% for quenched QCD. 
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